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Maxwell’s Equations, General Set

Integral Form

Vv %i% 83 fﬁ +ds = jpdV (Gauss's law for electric field)
VXE = _g 3) gﬁE -ds =0 (Gauss's law for magnetic field)
VXH=]+ % (4) FE -dl = f(— g) - ds (Faraday's law)
(1) and (2) are steady state. $H-dl= | (A+ %) - ds (Ampere — Maxwell law)

(3) and (4) are time varying.



Significance of the Maxwell’s equations

*The two time-varying equations are mathematically sufficient to produce
separate wave equations for the electric and magnetic field vectors.

*Also, they indicates time variable E and H fields cannot exist independently.
*The steady state equations help to identify the wave nature as transverse.

*Two constitutive equations are needed for solving the Maxwell’s equations.

—

constitutive equaiton; D = ¢E, B = uH



Permittivity (€) and permeabllity ()

The measure of the resistance that is encountered The measure of the ability of material to support the
when forming an electric field in the medium. forming of a magnetic field within itself.

Relative permittivity or dielectric constant .= ¢/¢,  Relative permeability p,= M/Mo

The permittivity is relevant to the electric The permeability is relevant to the magnetization or
polarization. magnetic polarization.
Substance | Dielectric Constant
Material | Magnetic Permeability (H/m)
Vacuum 1 ,
Air 1.25663753x10°
Alr 1.00054 Bismuth 1.25643x10°
Glass 5-10 Copper 1.256629x10¢
Nylon 3.5 Iron (pure) 6.3x10-3
Polyethylene 2.3 Nickle 1.26x10% - 7.54x10"
Polystyrene 2.6 Carbon Steel 1.26x10
1.2 71x10°
Rubber >-3 Hydrogen 566371x10
Water 1.256627x10°¢
Teflon 2.1
Wood 1.25663760x10°6
Water (20°C) 80




Origin of polarization Origin of magnitization
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Scopes of study

* Electromagnetic waves in a medium having finite permeability u and
permittivity € but with conductivity ¢ = 0,

*The wave equation for electromagnetic Waves in a dielectric,
*Impedance of a dielectric to electromagnetic Waves,
*Electromagnetic waves in a medium of properties u, € and ¢ (where o #0),

Electromagnetic wave velocity in a conductor and anomalous dispersion,



Electromagnetic waves In a medium having
finite permeability p and permittivity € but
with conductivity o =0

*Given conditions

(1) The properties (eg. amplitude, phase, frequency, wavelength and speed) of the
chosen plane waves in xy plane are constant,

(2) These properties will not vary with respect to x and y and all derivatives 6/0x
and o/oy will be zero.

(3) In dielectric such as free space, no charge (p = 0) and no current density (J = 0).



Maxwell’s equations in dielectric
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The wave equation of electromagnetic
waves In a dielectric

*Since, with these plane waves, all derivatives with respect to x and y are zero.
Equations (2A) and (3A) give

Mo ang -

0z \ a{

This implies that H, Is constant in space and time.

=0

* H, has no effect on the wave motion. For simplicity, put H, = 0.
A similar consideration of equations (1A) and (4A) leads to E, = 0.

*The above results suggest that the oscillations in H and E occur in direction
perpendicular to z-direction. In other words, the EM plane wave is transverse.



The wave equation for electromagnetic waves
In a dielectric : plane-polarized waves (1)

*Consider E, only, with E, =0, equations (3A) and (4A) give

L OH, OE, OE. _ OH,
Ot Jz o oz
-Using the fact that 0* 0°
Dz0t  Ot0z
32 2
*The wave equation for H, is found to be 0 Hy = e — 0 H,
y D7? Ot?
. : : )? )?
-Similarly, the wave equation for E, is t;_, Ey=pe ;TE




Recall a formal derivation of the wave
equation from Maxwell’s equations
In dielectric (1)

‘From identity VxVxE =V(V-E)-V2E

+From the constitutive equation :V x V x E = ~V(V-D)-V2 E
*Due to equation (1) of Maxwell’s equation: Y xV x E =—V2E (for dielectric p = 0)

*From equation (3) of Maxwell’s equation: X( 5§) __V2E
ot

*From the constitutive equation : 1 ~ _
q Y, ( aij_ 0 (VxH)=-V2E




Recall a formal derivation of the wave
equation from Maxwell’s equations
In dielectric (2)

*The wave equation  V°E = ys—E

: : ot . : :
*Possible solution for the wave equation may be given as E(z,t) _ Eoel(a)t—kz)
By substituting the solution in the wave equation, we obtain

V2E = _kZEOei(a}t—kz) _ —,uga)z Eoei(a}t—kz)
S K=\ ue :KZEZ UE
0]

v
1 e
g = Hogo (in free space)

Finally, the wave equation in free space becomes VE=—_"_E




The wave equation for electromagnetic \Waves
In dielectric : plane-polarized waves (2)

*The vector E, and H, obey the same wave equation.

In free space, the velocity is that of light givenas ¢ = 1/t

Solutions of the wave equations

% B B sin 2 (vt — 7) T_he v_ector product gives
o direction of the energy
Eo Hy = Hosin— (vt — 2) flow. This can be seen
Ho from the product
- ExH), dimension:
H, V voltage x current  electrical power

£ length < length area
0

Figure 8.3 In a plane-polarized electromagnetic wave the electric field vector £, and magnetic
field vector H, are perpendicular to each other and vary sinusoidally. In a non-conducting medium

they are in phase. The vector product, ExH, gives the direction of energy flow _
13




Plane electromagnetic waves

(a) The electric field E, magnetic
« field B and propagation vector k are
everywhere mutually perpendicular

(b) Wave fronts for a linear
polarized plane electromagnetic

" wave
«J# .

F Pedrotti et. al. “Introduction to optics”, 3ed.,

~—
/ /\; Pearson international ( 2007)
\] ‘
b




Energy density of electromagnetic
wave In free space

*An electromagnetic wave represents the transmission of energy.

*The energy density, in JJm3 , for electric field uz and magnetic field ug in free
space are given as

Ug =150E2, Ug = ——B?

2 2 Mg

At any specified time and place, the two field are related by E =cB .
*This gives Ug = ug and the total energy density is U = Ug + Ug = 2U¢ = 2Ug
*Or 1

u=glE? =—B*
Ho



Poynting vector (1)

*Consider the power or the rate at which energy Is transported by the electromagnetic
wave.

*Energy flow of an EM wave in time At. The energy enclosed in the rectangular
volume AV flows across the surface A.

j cAt >
energy UAV  U(AcAt) & =t
ower = = = =UCA 5
P At At At mg o
*Therefore, power transferred per unit area S is
Power S — e
A



Poynting vector (2)
*The power per unit area in terms of E and B Is given as
S = £,c°EB

*The power unit area, S, when assigned the direction of propagation, is called
Poynting vector. This can be written as

§:50C2EXB

*Time average of the power per unit area called irradiance is given as




Problem : Poynting vector (energy
flow in w/m?)

The plane polarized electromagnetic wave (E,, H,) travels in free space.

Show that its Poynting vector is given by
S =EH, =cgEy

Where c is the velocity of light.

Determine the intensity in such a wave.



Solution

‘Dueto S=45C°ExB and the constitutive equation B = uF

-The Poynting vector becomes  §—ExH o

*With appropriate solution for the plane wave; Ex =Eqsmn — (vt — 2)

. 27
H, = Hysin T(m‘ —z)

“This gives S =E,H kK

= B H oH
*Using equation (3) from page 8 ;V X E = —‘;—B; = —p%—z, this leads to —u 8ty = 5§x
Z
*Therefore, By _Ex _ K
Ho Hy g



Solution

-+ in free space; H, = E, P S =ExH, =ceEy
0

 The intensity of this wave can be calculated from | = <‘§ D

| = <‘§‘> = cgyES <sin2 277Z(vt— z)>

1 2
=——cenkE
5 “4050



Problem : average irradiance

A laser beam of radius 1 mm carries a power of 6 kW.

Determine its average irradiance and the amplitude of its E and B fields.




Solution

*The average irradiance can be found from power/area = 1.91 x 10° W/m?

*From the irradiance | — ECgOEg , the amplitude of E field is found to be 1.20 x 10° V/m
2

*Due to the relationship E = c¢B, the amplitude of B field becomes 4.00 x 10° T



Impedance of a dielectric to electromagnetic \Waves
Eo _ Ey _

-

V E

*From 7=

1 IO 1 Iy
*If the medium is free spaceand u = uy = 4nr x 1077 V-s/A-m
£=¢gy=8.8542x 1072 F/m

Also the dimensions of ait IS ohms (check this!)

&0

*Therefore, Ho _ 376.7 Q represents the free space characteristic impedance
€0

to electromagnetic wave travelling through it.



Electromagnetic waves in a medium of
properties u, e and o (whereo#0) (1)

*To derive the wave equation of the plane polarized wave composed of E, and H,
components propagating in a conductor, let’s start with equation (4) from page 8

with a current density term j ( aE)

VxH = g D+J
ot
: OE OH
°Th g —— -
IS becomes 2y oE , 9z
o° 0 6°

*Taking olet, ¢—Ey+—0E,=———H,




Electromagnetic waves in a medium of
properties u, € and o (Wherec#0) (2)

' : oH
Also consider equation (3) from page 8 : VxE = —U E
*This gives _ OH, OE,
ot 0z
. 0° 0°
*Taking o/oz, -u——H, =——E,
) otz VT 5%

*The final equation as the wave equation for EM waves in a conductor is found to be

dﬁ 2 f"é"l
T )

a7 Ex= e




Electromagnetic wave In a conductor

*Recall the wave equation of EM plane polarized wave in a conductor,

0* 0* 0
e T

*A solution of the wave equation is found to be
E,=Eje“e ?

.2:

“Where 7Y Wpo — w? e,



Solution of the wave equation with
diffusion effect

*Recall, the wave equation in a conductor, | 52 9?2 9

*With the assumption that its time-variation is simple harmonic, E, = Eoei“’t

*Substitute the assumed solution into the wave equation,

D’E, .
5 = — (iwpo — wpe)E, =0
2z N y

4




O°E .
0z°

— Y E, =0

« Solution of the above 2" order differential equation is given as
E, = Ae’”* + Be7?

 Since the wave propagates in +z direction the second term of the
solution is chosen.

 The final solution for the time dependent wave equation in a
conductor can be written as

E,=Eje“e ¢




*The ratio of the current density terms can be written as

J ok, ok, oF o

OD/0t  0)ot(cEy)  O0)0t(cEge™)  iweE, iws

-For a conductor, where | > dD/dt ,then o > we — ¥2 = io(wp)-we (wp)

*This can be written as ,
VTR 1w

- - 0+)(2)"

*The wave function becomes

Exponential decay term for
the amplitude as a function of distance z

E_r:E{]EiMIE_TE /

1
— Ege (wno/2) ‘-'**z:e it —(wpo/2)" /2]




SKin depth

*The skin depth is the travelling distance of EM wave in the conductor when the
electric field vector has decayed to a value of E, = Ee.

0; - E, Free space 7 Conductor
. . 2 2 r : _
Skin depth 6=| ——
8. wHe s Ao=2md
% 0sl Depending on conductivity, | Z > v o 1
e &=(—%5—)2
Eok ) 1/e Permittivity and frequency \ / ( o p=)
03 : 7 a""f
Jo . 2 4
01} E . > }L‘C -
Skin depth is tlefined as the depth at which This explains the electrical shielding properties of a
the amplitude of the wave has been

reduced by 1/e conductor, A. is the wavelength in the conductor.


https://em.geosci.xyz/content/maxwell1_fundamentals/harmonic_planewaves_homogeneous/skindepth.html

Example of skin depth for metals

“© 100 *Note that as the frequency of
£ the EM wave increases, the
o penetration depth decreases.
©
S L *This means the EM wave
= hardly penetrates into the
% conducting material.
Q 1
©
Q
=
o 0.1
o)
o
S
D 0,01
10 100 1k 10k 100k Hz 1M

Frequency



Electromagnetic wave velocity in a conductor and
anomalous dispersion

 Recall the wave function in a conductor = Ege“le 7

— Ege (wra/2) Pz qilwr—(wpo/2)"7?]

« The phase velocity of the wave v Is given by

W 2w

/2
W
I ~=wd = | — =VA. (A =275

k (m;LJK'Z)I“I“ (Fl”) (%o =270)

 Since the phase velocity is a function of the frequency, an electrical conductor is
dispersive medium to EM waves.

« Because ov/oA is negative so that the conductor is anomalously dispersive and the
group velocity iIs greater than the phase velocity.

R




Recall the illustration of dispersion
relation

V; >V anomalous *Since w = kV,
dispersion

dowo d dv
(@) v, =V  no dispersion Vg = dk = &(kV) V+ k L

dv

w (k) =V-A
(B} Vg <V ggm', d4 This term can be
persen either positive
or negative.
gradient e
K AT v T v, <v(normal dispersion)
AT v vg >v (anomalous dispersion)



Refractive

4] U conductor = wd index
Ffﬂqﬂﬂﬂﬂ}' A free space (m) (:mfs) (f;"“c{mduﬂ{r)
60 5000 km 910~ 3.2 9.5x 107
10° 300 m 6.6 107 4.1x10° 7.3x10°
3x 1010 107° m 3.9x107 7.1x10% 4.2x10°

« High frequency EM waves propagate only a very small distance in conductor.
« When 6 is small, the phase velocity v is small, and the refractive index c/v of
a conductor can be very large. This results in the high optical reflectivity.

Determine the distance in which the amplitude of the striking EM
wave drops to about 1% of its surface value.




Solution

*Recall the electric field in the conductor E, = Ejee 7%

— Ege@no/2) Pz gilur—(wpa /2)'%)

*At the surface of the conductor, the amplitude of the incident wave is given by E,.

Z

1 _
*The amplitude reduced to 1% of its surface value is given by 0.01E,e ~(@#/2)2Z 5 0 01E e 9.

*This leads to the travelling distance of 4.64.



When 1s a medium a conductor or a
dielectric?

*The ratio of the current density is used to determine whether the medium is a
conductor or a dielectric.

J o
OD/Ot  we

*The conduction current dominates and the medium is a conductor :

J ol

= = 100
oD/Ot  we

*The displacement current dominates and the material behaves as a dielectric :

D/ ot
D/ wE o

J o




Problem 8.14

A medium has a conductivity o = 10! S m ! and a relative permittivity £, = 50, which is constant
with frequency. If the relative permeability g, = 1, 1s the medium a conductor or a dielectric at a
frequency of (a) 50 kHz, and (b) 10* MHz?

e0 = (36m x 10%) "Fm™'; po=47rx10" "Hm ']




Problem 8.15
The electrical properties of the Atlantic Ocean are given by

e, =81, p,=1, 0=43Sm™’

Show that it is a conductor up to a frequency of about 10 MHz. What is the longest electromagnetic
wavelength you would expect to propagate under water?




Impedance of a conduction medium to
EM waves

Recall the electric field in a conductor E, = Eoei“’te‘VZ

*The corresponding magnetic filed in the conductor Is given as H y = Hoei(“’t‘¢)e‘72

| 1
Giventhat  _ (1.17)(wuo/2)2

E
-The impedance of the conductor is givenas ~ Zc = H_X
y
By using time-dependent Maxwell’s equation VxE =— H% H

1+

(2 ) ()




The magnitude of Z-

*Recall the impedance of a conducting medium,

7 :(%f 1)

O

*The magnitude can be written in terms of the free space impedance as follows,

Z] =376.6g2\/“r \/w‘g

&\ o




Reflection and transmission of EM waves
at a boundary : Normal incidence

_ Externalreflectinn Z,<Z, E, Ei + Er = Et
| Hi+H, =H,
Hr
vEr 5 — '_Er = —/. E =
: > — Zl’ — Zl’ — Zz
/ Incident E A / H, H, H,
Hi Hr Ht
-

Transmitted

Internal reflection Z;<Z,

The boundary conditions, from EM theory, are that the components of the field vectors E
and H tangential or parallel to the boundary are continuous across the boundary.



Reflection and transmission
coefficlients : normal Incidence

*What happens to the travelling wave normally
striking a perfect conductor in terms of reflection

R — E _ Zz — Zl and transmission coefficients?
E| Zz + Zl

T E 27,
E| Zz + Zl



Oblique incidence and Fresnel’s
Equations for dielectrics

1 Zs Z; 25

E *The same boundary
H, conditions are still
E, applied.

*Two cases have to be
Ht - - |

o o (1) H perpendicular to the
H perpendicular E perpendicular plane of incidence and

(2) E perpendicular to the
plane of incidence

Hi
Hi +H, =H, E;+E, =F | o
Verify the direction of H,
Ejcos6d+E, cosf =E,cos¢p —H;cosfd+H,cosd=—-H;cosg in the figure.



Reflection and transmission
coefficients : oblique Incidence

For E perpendicular to
the plane of incidence

~ Z,C080—Z,C0S¢

For H perpendicular to
the plane of incidence

E, Z,cos¢—-Z,cos0

Ry =—= R, =
E, Z,cos¢+Z,cosd Z,C0S0+ Z,COS@
_— E _ 2/,C086 T — 2/,C0S80
"B, Z,cos¢+Z,cosd = Z,c086 +Z, COS ¢



Reflection and transmission coefficients In
terms of refractlve Index n

-Since o \/— Z (free space)
v ﬂogo Z (dielectric)

*The reflection and transmission coefficients can be expressed in terms of
refractive indices of incident (n,) and transmitted (n,)media.

R,_ Er _ M cosg—n,cosd N, cosé@—n, CoS ¢

_ R =
E, N, COS@+n,CosH ~ " n,cosO+n,cos g
Ty - E _ 2n, cosé - 2n, cosé
Ej N cosg+n,cosd = n,cos@+n,cos g



Fresnel’s equations

tan (¢ — #) 4 sin ¢ cos 6
Ry = , D=5
tan (¢ + 60) sin 2¢ + sin 26
P sin (¢ — 0) r ~ 2sin ¢ cos 0
~sin (¢ +6)’ 7 sin (¢ + 0)

What are the reflection coefficients at the normal incidence in terms of refractive
Indices?



1.0

Figure 8.9 Amplitude coefficient R and T of reflection and transmission forn, /n; = 1.5. R and T
refer to the case when the electric field vector £ lies in the plane of incidence. R, and T, apply when
E is perpendicular to the plane of incidence. The Brewster angle ## defines # + ¢ = 90° when R =0
and the reflected light is polarized with the E vector perpendicular to the plane of incidence. R
changes sign (phase) at #g. When @ < @, tan (¢ — @) is negative for n,/n; = 1.5. When
4+ ¢ =907, tan (¢ + &) 15 also negative

Brewster angle or
polarizing angle 6 can be
found from

tan QB — nz/nl

tan(6—¢)
Recall : R" = m

As tan(@ + ¢) - OO,R" - 0.
This implies that (6 + ¢) = 90°
By using the Snell’s law, the
Brewster angle can be found from

tan 05 = le/nl




External and internal reflections at air-glass interface

40 f

i
=

Range of total
internal reflection

n =1, na=1.35 np=13 n=1
10 r T - - — - - 100 - - - r r
I
5!
%0 | ‘%n: 80 | 2
ol g
1—.| 1
5, 3
ol | = | ol '
= o
sl
I
|
I
I
I
I
I

Reflection coefficient (%)

[l
=

0 1 20 30 40 50 60 TO B0 90 0 120 30 40 50 60 7O B0 90
Angle of incidence #; () Angle of incidence #; (°)

R =1 ("' - "2) ~ x100

I; ny+n:
]

~4%  at an air-glass interface.




. s-polarized 1 Application of Brewster angle

4 4
A stack of plates at Brewster's angle to a beam reflects off
unpolarized a fraction of the s-polarized light at each surface, leaving
— }H - - —f - - - a p-polarized beam. Full polarization at Brewster's angle
requires many more plates than shown. The arrows
IH » Indicate the direction of the electrical field, not the

P-polarizec  magnetic field, which is perpendicular to the electric

https://en.wikipedia.org/wiki/Polarizer field.
" Monitor Incident
J| HR Mirror Polarized } 4 .
i Beam + 1 _
» I I I t i Transmitted Beam S or P linear

100% Polarized

I : Gk state of the
. [# :.'r .._: :I'.I - "'.1-,_'. :._- 5 :*_ . :;% ..':' n Output Iaser
g A S beam?
‘%-= &Sﬁg} 1II'. Mo Baam
s . » Reflected
_ @ Voo
HeNe Laser Tube with In 2

¥ 4

https://perg.phys.ksu.edu/vgm/laserweb/Ch-7/F7s5t1p6.htm




